Dimensionality Reduction:
SVD & CUR



Dimensionality Reduction

High-dimension == many features

Features: thousands of words, millions of word pairs

termn | data information retrieval brain luog

document
C5TR1 1 1 1 0 0
CS-TR2 2 2 2 0 ]
CS5-TR3 1 1 1 0 0
CS5-TR4 ] b o 0 0
MED-TR1 0 0 0 P 2
MED-TR2 0 0 0 3 3
MED-TR3 0 0 0 1 1
movie 1 | movie 2 | movie 3 | movie 4 | movie 5 | movie 6
Tom 5 ? 7 1 3 ?
George ? ? 3 1 2 5
Susan 4 3 1 ? 5 1
Beth 4 3 ? 2 4 2
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Dimensionality Reduction

10° rows; 103 columns; no updates
random access to any cell(s); small error: OK

day We Th Fr Sa S0
custamer /10496 T/11/96 T/12/96 7/13/96 T/14/96
ABC Inc. 1 1 1 0 0
DEF Ltd. 2 2 2 0 0
GHI Ine. 1 1 1 0 0
KLM Co. ] 3 0 0 0
Smith 0 0 0 2 2
Johnson 0 0 0 3 3
Thampson 0 0 0 1 1
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Dimensionality Reduction

Data lies on or near a low
d-dimensional subspace
Axes of this subspace are effective
representation of the data
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Why Reduce Dimensions

1/24/2011

Discover hidden correlations/topics

Words that occur commonly together

Remove redundant and noisy features

Not all words are useful
Interpretation and visualization

Easier storage and processing of the data
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SVD - Definition

A[nxm] = U[nxr] 2 [rxr] (V[mxr])T

A:

n x m matrix (e.g., n documents, m terms)
U:

n X r matrix (n documents, r concepts)
)%

r x r diagonal matrix (strength of each ‘concept’)
(r : rank of the matrix)

V:

m X r matrix (m terms, r concepts)
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A~ UZVT — ZZ o;u; OV,

~B

u.v
Gl 1v1 C52U2V2

o; ... scalar
u; ... vector
V; ... vector
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SVD - Properties

It is always possible to decompose a real matrix
AintoA=UX VT, where
U, 2, V: unique
U, V: column orthonormal:
UTU =1, VTV =1 (l: identity matrix)
(Cols. are orthogonal unit vectors)
2.: diagonal

Entries ( ) are positive,
and sorted in decreasing order (6, 206, >20,2>...)
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SVD - Example: Users-to-Movies

A=U2XV'-example:

X

=

T 1
2

SciFi 1
v 5
T 0
- 0

omnce

0

2

1/24/2011

OOOU‘II—‘I\JHA“en

© o o O = N Serenity

R W N O O O O (Casablanca

= W N O O O O,Amelie

Jure

0 0.27

0.18 0
0.36 0
0.18 0
0.90 0
0 053
0 0.80
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SVD - Example: Users-to-Movies

A=U2XV'-example:

> S

538

SZ 388 %
T 11 1 0 0 0.18 0
122 2 00 0.36 0 -
SciFi

1110 0 0180 | | 9640 )
b 55 5 0 0|1 090 0 5.29
T 00 0 2 2 0 o053 Y“ -
Romnce 88 8 i f’; 0 0.80 058 058 058 0 0
L | Lo o027 0 0 0 07107
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A=U2XV'-example:

> S
o538
SZ 388 % _l v
T 1110 0 0.18)0
122 2 00 0.36 0 -
SciFi
11 1 0 0 0180 | | 9640 )
b 55 5 0 0|1 090 0 5.29
T 00 0 2 2 0 053 — —
Romnce 88 8 i f’; 0 0.80 058 058 058 0 0
I L | Lo o027 0 0 0 07107

1/24/2011 Jure Leskovec, Stanford C246: Mining Massive Datasets 12



A=UZXV'-example:

x g2
sE508 :
T 1110 0 0.18 0
SCiFi 22 200 0.36 0
11 1 0 0 0.18 0
d 55 5 0 0| | 0900
T 00 0 2 2 0 053
Romnce] 0 0 0 3 3 0 0.80
, (0001 1] | o o027
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|

9.64 0

0

5.29

058 058 058 0 O
0O 0 0 07107
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SciFi

Romnce

O O O O L DN - Serenity

R W N O O ©O/d (Casablanca

© o o Uk N R/ Alen

IOOOU‘IHI\JHMatI’iX
In—\oomooooAmeIie

A=UZXV'-example:

0.18 0
0.36 0
0.18-0
090 ©
0 053
0 0.80

0 0.27

ure Leskovec, Stanford C246: Mining Massive Datase
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058 058 058 0 O
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SciFi

Romnce

© © © Ul B N B Serenity
m W N O O O/O (Casablanca

© o o Uk N F/Alen

IOOOU‘IHI\JHMatI’iX
Il—\oomooooAmeIie

A=UZXV'-example:

0.18 0
0.36 0
018 0
090 ©
0 053
0 0.80

0 0.27

ure Leskovec, Stanford C246: Mining Massive Datase

ts

9.64 0

0 529

0

0

0.58)0.58 058 0 O
0 07107
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SVD - Interpretation #1

{ I’ { V4 and {l I:
U: user-to-concept similarity matrix

V: movie-to-concept sim. matrix

2. its diagonal elements:
‘strength’ of each concept
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SVD - interpretation #2

(@)}
=
SVD gives best axis %

. . N 9
to prOJect.on. % \
‘best’ = min sum = Y

irst singular
of squares of ® o ® vector
. ®
projection errors ¢ o
minimum o
reconstruction y
error o

Movie 1 rating

1/24/2011 Jure Leskovec, Stanford C246: Mining Massive Datasets 17



SVD - Interpretation #2

OO O Ol N -
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A=UZXV'-example:

OO O O 01T P, N -

OO O O Ok, N -

R W NN O O O O

R W NN O O O O

Jure

0.18 0
0.36 0
0.18 0
0.90 0
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0 053

0 0.80
0 0.27]

ts

9.64 0

0 529

0

0

0
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SVD - Interpretation #2

OO O Ol N -

1/24/2011

A=UZXV'-example:

OO O O 01T P, N -

OO O O Ok, N -

R W NN O O O O

R W NN O O O O

Jure

0.18 0
0.36 0
0.18 0
0.90 0
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9.64)0
0 5.29

0 053

0 0.80
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SVD - Interpretation #2

OO O 01l N -

1/24/2011

A=UZXV'-example:

OO O O 01 P, N -

UX: gives the coordinates of the

points in the projection axis

OO O O o011 kP, N -

R W NN O O O O

R W NN O O O O

Jure

0.18 0
0.36 0
0.18 0
0.90 0
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0 053

0 0.80
0 0.27]

ts

9.64 0

0 529

058 058 058 0 O
0O 0 0 07107
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SVD - Interpretation #2

OO O Ol N -

1/24/2011

OO O O 01T P, N -

How exactly is dim. reduction done?

OO O O Ok, N -

R W NN O O O O

R W NN O O O O

Jure

0.18 0
0.36 0
0.18 0
0.90 0

Leskovec, Stanford C246: Mining Massive Datase

0 053

0 0.80
0 0.27]

ts

9.64 0

0 529

058 058 058 0 O
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SVD - Interpretation #2

How exactly is dim. reduction done?
Set the smallest singular values to zero

0.18 0
0.36 0
0.18 0 9.64 0

0.90 0 0 539
0 053 — -

0 0.80 [0.58 058 058 0 O Zl

1l
X
X

O O O 01Tk, N B
OO O O 01T P, N -
OO O O Ok, N -
R W NN O O O O
R W NN O O O O

0 0.27 0 0 0 07107
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SVD - Interpretation #2

How exactly is dim. reduction done?
Set the smallest singular values to zero

0.18 0
0.36 0
0.18 0 9.64 0
0.90 0 0 9
0 053 — =

0 0.80 [0.58 058 058 0 O Zl

O O O 01Tk, N B
OO O O 01T P, N -
OO O O Ok, N -
R W NN O O O O
R W NN O O O O

0 0.27 0 0 0 07107
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SVD - Interpretation #2

How exactly is dim. reduction done?
Set the smallest singular values to zero:

11 1 0 0 0.18 0
22 2 0 0 0.36 0 _
11 1 0 0 018d | | 9640 )
55 5 0 0|~| 0900 0 B
|00 022 0 b3l L —
000 33 0 0.80 [0.58 0.58 0.58 0 0 ]
0001l Lo Jo2r [0—0—0—a71-07Y
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SVD - Interpretation #2

How exactly is dim. reduction done?
Set the smallest singular values to zero:

0.18
0.36
0.18 9.64
0.90
0 - —

0 [0.58 058 0580 0 ]
_ 1 LO _
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SVD - Interpretation #2

How exactly is dim. reduction done?
Set the smallest singular values to zero

_]_ 1 1 0 0— 11 1 0 O
29 2.0 0 2 2 2 0 0

11 1 0 0 11 1 0 O

A=l 55 5 90 o|l~|55 5 00
00 0 2 2 00 0|0 O

00 0 3 3 00 0|0 O

00 0 1 1 00 010 O
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SVD - best low rank approx

A=UZXZV'" (6,20, rank(A)=n)
B=USV'

S = diagonal nxn matrix where s.=c, (i=1...k) else s=0

B is solution to ming IA-Bl: where rank(B)=k
min |A—B|_ =min|Z-S|_ =min, Z(a -5.)°

B,rank (B)=k
= min, Z(G ~s)° + Za ZG

I=k+1 i=k+1

1/24/2011



SVD - Interpretation #2

‘spectral decomposition’ of the matrix:

R W NN O O O O
R W NN O O O O
cC
R
c
N
Q
N

O O O 01Tk, N B
OO O O 01T P, N -
OO O O Ok, N -
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SVD - Interpretation #2

‘spectral decomposition’ of the matrix:

«— m —>
! 11 10 0 ‘  terms :
2 2 2 O O — 01 Ul VT1 + G2 U2 VTz +...
11100 VAR
55 5 0 0 nxai 1xm
n
00 0 2 2 assume: 6, >0,>0,> ...
00 0 3 3
00 0 1 1
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SVD - Interpretation #2

Os

Rule-of-a thumb:
— 2
(—Zci )

«— m EEE—

11 1 0 0

22 2 00

11 1 0 0

55 5 0 0|~ ° . VI, + o u, Vv,

00 0 2 2

8 8 8 i i assume: 6,2 G,2> 0,2 ...

1/24/2011
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SVD - Complexity

O(nm?) or O(n?m) (whichever is less)

Less work, if we just want singular values
or if we want first k singular vectors
or if the matrix is sparse

Linear algebra packages like: LINPACK, Matlab,
SPlus, Mathematica ...
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SVD - conclusions so far

A= U X VT: unique
U: user-to-concept similarities
V: movie-to-concept similarities
2 : strength of each concept

keep the few largest singular values
(80-90% of ‘energy’)

SVD: picks up linear correlations
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Relation to Eigen-decomposition

A=UXVT

A=XLXT
A Is symmetric
U, V, X are orthonormal (UTU=I),
A, 2 are diagonal

AAT= UZ VT(UE VT)T = UZ VT(VETUT) = UZET UT

ATA=VETUT(UZ VT) =V IZTVT
P
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SVD: Properties

AAT=UZX2UT
ATA=V 22 VT

(ATA) k=\ Y2k \yT
E.g.: (ATA)2=V X2VTV X2VT=V 34 VT

(ATA)k ~ v, 6,2V, T for k>>1
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Case study: How to query?

> £
= c = % %
22382 )
T 111 0 0 0.18 0
22 2 0 0 0.36 0
SciFi — .
11 1 0 O 018 0 y 9.64 0 y
v 555 0 0|=] 0900 0 529
T 00 0 2 2 0o os3l L _
Romnce| 0 0 0 > S| |0 080 0.58 0.58 058 0 0
!\ L d4 LO 027 0 0 0 07107
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Case study: How to query?

A: Map query into a ‘concept space’ — how?

> 5
£ c = % %
22288 _
T 111 0 0 0.18 0
22 2 0 0 0.36 0
SciFi — .
11 1 0 O 018 0 y 9.64 0 y
v 555 0 0|=] 0900 0 529
T 00 0 2 2 0o os3l L _
Romnce| 0 0 0 > S| |0 080 0.58 0.58 058 0 0
!\ L d4 LO 027 0 0 0 07107
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Case study: How to query?

A: map query vectors into ‘concept space’ — how?

S 3
c =
X .4?%’.0_) <
2 = =
7,
§<_(U')U< ®
q= EO 0 O O:I V2 o
V1

Project into concept space:
Inner product with each
‘concept’ vector v,

Matrix
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Case study: How to query?

A: map query vectors into ‘concept space’ — how?

O
>C
-
z o £ 3 ¢
= 2 5h J <
q= EOOOO:I

Project into concept space: o
Inner product with each / atrix

‘concept’ vector v,
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Case study: How to query?

qconceptzqv
o SciFi-concept
- %% o 0.58 0 l
58 9% 8 0.58 0
) 58“6’“‘82 0.58 0 =[2-9 0]
" I: :I 0 071
0 0.71

movie-to-concept
similarities
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Case study: How to query?

dconcept =dV
g — 058 0 - SciFi-lconcept
5‘ T
- 0.58 0
2338 % 0.58 0 - [5-22 0]
d= E4 5 0 o:l 0 071
0 0.71

movie-to-concept
similarities
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Case study: How to query?

User (‘Alien’, ‘Serenity’) will
be retrieved by query (‘Matrix’),
although it did not rate ‘Matrix’!

O
PrY -E‘\L%CU
5 c £ 2% SciFi-concept
53¢
2 < nu <
d= |:04soo:| ------------------- [1.160]

= [roooo] [0560 ]

/ Jure Leskovec, Stanford C246: Mining Massive Datasets
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SVD: Drawbacks

In L2 norm

A singular vector specifies a linear
combination of all input columns or rows

Singular vectors are

° o iy o] ] VT
) ) lll >
° p— l‘,‘
° * U
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CUR Decomposition

Frobenius norm:
Make |A-CURI: small

( Y (e
o
\ RULLLLLY
C

1/24/2011

&




CUR Decomposition
Frobenius norm:

Make |A-CURI: small
Vo

(=



CUR: provably good approx. to SVD

A, be the “best” rank k approximation
to A (e.i., SVD)

Theorem ;
CUR in O(mn) time achieves
IA-CURI- < TA-A, I + el Al
with probability at least 1-0, by picking

columns, and

rOws
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CUR: How it Works

Input: matnix A € R"*", sample size ¢
Output: C,; € R"*°
1. for r = 1 n [column distribution]
— Z,a Az, 4*’-7)2/ Z” A(i.j)7
3. forv = l [sample columns]
4.  Pickj € l n baqed on dlStllblltIOIl P ()
5

Compute C(:.2 7)/\/cP(y

(N
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Computing U

Let W be the “intersection” of
sampled columns C and rows R
Let SVDof W=XX YT
Then: U=W*r=XX*YT
2
2 =1/ 2.
i.e., Moore—Penrose pseudoinverse

W R

A i~ |
C

U=W+
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CUR: Pros & Cons

1/24/2011

Since the basis vectors are actual
columns and rows

’Actual column

. . Singular vector
Since the basis vectors are actual sHary

columns and rows

Columns of large norms will be sampled many
times

Jure Leskovec, Stanford C246: Mining Massive Datasets
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Solution

Throw them away

Scale the columns/rows by the square
root of the number of duplicates

v |
C, i C, Construct a

small U
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SVD vs. CUR

sparse and small

SVvD: A=U 213 Al
< \ (jense

Huge but sparse  Big and

dense but small

CUR: A=CUR
yd ]
Huge but sparse  Bijg but sparse
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Simple Experiment

DBLP bibliographic data

Author-to-conference big sparse matrix

A;;: Number of papers published by author i at conference j

428K authors (rows), 3659 conferences (columns)
Very sparse

How much time does it take?
What is the reconstruction error?

How much space do we need?
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Results: DBLP- big sparse matrix

! ]
A svp
O CUR
| [ CURnoduplicates
o 10%
=
o
| -
Q
(&)
4y}
o
(7))}
1k (?\
10 A 1= (@) \%j!_\ !2\!:) 8 I ]
0 0.2 04 0.6 0.8 1
accuracy

time(sec)

10+

A syp
O  CUR
O CURnodup
O
g
I
O
)
o 25
—\ 7 D@
O O m
o0
o " ]
0 0.2 0.4 0.6 0.8 1
accuracy

Accuracy: 1 — relative sum square error

Space ratio:

#output matrix entries / #input matrix entries

CPU time

More details: Sun,Faloutsos: Less is More: Compact Matrix Decomposition for Large Sparse Graphs, SDM ‘o7.

1/24/2011
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What about linearity assumtion?

Lower-dimensional linear projection . E‘K"‘”\
that preserves Euclidean distances | # | [1€/];
ol ‘wﬂf\

Data lies on a nonlinear low-dim curve aka manifold
Use the distance as measured along the manifold

Build adjacency graph

Geodesic distance is
graph distance

SVD/PCA the graph
pairwise distance matrix

A 5 ¢ |

1/24/2011 Jure Leskovec, Stanford C246: Mining Massive Datasets
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